UNIVERSITY OF COPENHAGEN
DEPARTMENT OF ECONOMICS

2nd year of study. 2012 W-2DM ex sol
WRITTEN EXAM. DYNAMIC MODELS
Wednesday, January 18, 2012

SOLUTIONS

Problem 1. We consider the polynomial P : C — C that is given by
VzeC:P(z)=22"+22° + 722 + 22 + 5.
Furthermore, we consider the differential equation
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(1) Show that the complex numbers ¢ and —i are roots of the polynomial
P i e. P(i)=0and P(—i) =0.

0.

Solution. We easily find that P(i) = P(—i) = 0. Hence i and —i are
roots of the complex polynomial P.

(2) Solve the equation
P(z)=0.

Solution. Using polynomial division we obtain that
VzeC:P(2)=(z—1i)(z+1)(22> + 22 + 5),
and furthermore we find that

2z2+22+5:0<:>z:_2i—4_40<:>z:—
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Now, we have shown that the polynomial P has the roots:

. ) 1 3. 1 3.
21 =1, 29 = —1, Z3:—§+§Z7 and 24:—5—57“

Determine the general solution of the differential equation (x).

Solution. The characteristic polynomial Pg of the differential equation
(x)is Po = %P, and the characteristic roots are exactly the roots of the
polynomial P. This implies that the general solution of (k) is

3 4
x = ¢y cos(t) + casin(t) + ezt cos(it) + g sin(it),

where ¢q, ¢, c3,¢4 € R.

Show that the differential equation () is not globally asymptotically
stable.

Solution. Since the functions cos and sin don’t have any limit as ¢
is approaching to infinity the differential equation (x) is not globally
asymptotically stable.

Determine the general solution of the differential equation (xx).

Solution. Since the function ¢ — €' is not a solution of the homoge-
neous differential equation (*) we know that the function & = Ae' will
be a solution of the inhomogeneous differential equation (*x) for some
value of the constant A.

We have that
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A

T =1 =3 =1 = Aé,
and then we find that A = 3.

The general solution of the differential equation is
x = ¢y cos(t) + cosin(t) + cze™ 2 cos(it) + cqe”2 sm(it) + 3e’,
where ¢q, ¢, c3,¢4 € R.

Determine the general solution of the differential equation (x * *).



Solution. The characteristic polynomial ) : C — C of the differential
equation (x * x) is given by

7 5 7 5
VZEC:Q(z):z5+z4+§z3+22+§z:z<z4+z3+§z2+z+§).

We notice that the roots of () are
1 3

0 . . 1 N 3. d .
20 , 21 1, 29 1, 23 9 2@, na zy 9 21
From this we find that the general solution of (x % ) is

3 .3
y = ¢y + 1 cos(t) + cosin(t) + cze 2! cos(it) + cge 2! sm(;ﬁ),
where ¢y, ¢1, o, c3,¢4 € R.
Problem 2. Consider the vector space R", where n € N and n > 3. Also
consider the set
S={zx=(r1,29,...,2,) ER" 121 >0 A 25 > 0}.

(1) Show that the set S is an open subset of R™.

Solution. Let the point a = (a1, aq, ...,a,) € S be arbitrarily chosen.
Then a; > 0 and ay > 0. Choose r > 0, such that

r < min(ay, as).
Then we consider the open ball

B(a,r) ={zx = (x1,29,...,2,) € R":

V@ —a)? + (22 — ag)? + ... (w0 — ap)? <7},
and we notice that if x € B(a,r) then

|z — a1 <7 Aoy —as] <r <

G —r<zi<a+rNa—r<<zo<ay+r.

Now we know that B(a,r) C S, and then we have shown that S is
open.
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Find the closure S of the set S.

Solution. We claim that
S={r=(x1,79,...,2,) ER" 12y >0 A 25 > 0}.

Let us consider a point a = (0, as, ..., a,) where ay > 0. Let r > 0 be
any positive number. Then we consider the open ball

By(a,r) ={z = (z1,29,...,2,) € R":

\/x% + (22 —ag)? + ... (z, —an)? <r}.
Now we find that if x = (21, as,...,a,) € Bi(a,r) then
P<rlie —r<o <,

and hence a € 9S. From this fact we easily verify the assertion.

Find the complement CS of the set S and find the boundary 9(CS) of
this set.

Solution. We see that
CS={r=(x1,29,...,2,) ER": 21 <0V 253 <0},
and then we notice that
I(CS) ={x = (x1,29,...,2,) E R":

(1'120/\ZE220)\/($120/\l‘2=0)},

Is the set CS closed?

Solution. Since the set S is open the complement CS is closed.

Problem 3. We consider the vector valued function f : R? — R? given by

9 [ 2xy +eY
V(ZE,y)GR f(xvy)_ < 6x+4y2 )
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Find the Jacobi matrix D f(x,y) of the function f at any point (z,y) €
R2.

Solution. We find that

Df(e.y) = ( 2y 2x—i—ey>'

e’ 8y
Find the determinant det Df(x,y) and show that the Jacobi matrix
Df(0,0) is non-singular.

Solution. We see that det Df(x,y) = 16y* — *™ — 2ze® and that
det Df(0,0) = —1. This shows that the Jacobi matrix

Df(0,0) = (‘1) é)

is non-singular.

Prove that there exists a neighbourhood Ul of the point (0,0) such
that the Jacobi matrix D f(x,y) is non-singular at any point (z,y) €

Solution. Since all four entries of the Jacobi matrix Df(z,y) are
continuous functions, and since D f(0,0) is non-singular, the assertion
is true.

Find the inverse (D f(0,0))~! of the non-singular Jacobi matrix D f(0, 0).
Solution. We find that

oo = (] ¢ )

Solve the equation

(Z>=ﬂam+Dﬂmm(j)

with respect to



Solution. We find that

(Z) = £(0,0) + D£(0,0) ( z ) o

(Z:U:Df(o,())(;’)@
(§>:<(1) é)(g:i)ﬁx:v—l/\y:u_l'

(6) Show that the vector valued function g : R? — R? given by the rule

Y (z,y) € R*: g(x,y) = £(0,0) + Df(0,0) ( Z )
has no fixed points.

Solution. If the point (z,y) were a fixed point of the function g we
would find that

r=y—1ANy=z—-1=r=02-2&0=-2.

Problem 4. We consider and the function F' : R®* — R given by the rule
V(t,z,y) € R F(tx,y) = y* + (14 ).

Furthermore, we consider the functional

I(z) = /01 ((Cfi)Z +(1+ t2)x) dt.

(1) Show that for every ¢t € R the function F' = F(t,z,y) is convex in
(z,y) € R%.

Solution. We find that
oF

oF
— =1+t and — =2
Ox i an oy Y

and that the Hessian matrix of the function F' is

i} 00
F=(09):

This matrix is positive semidefinite and hence the function F'is a convex
function of (x,y) € R%



(2) Solve the variational problem: Determine the minimum function z* =
x*(t) of the functional I(x) subject to the conditions

1
z*(0) =3 and 2*(1) = 51

Solution. Since the function F is a convex function of (z,y) € R* we
know that the given variational problem is a minimum problem.

The Euler differential equation is:

d*z

OF d ,0F

_ e [ — ) = 2— _— =
o dt((%) 061+ —2-5 =0
dz 1 1,
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Now we find that
L
—_ = = — C
a2 ' 6 !

and that

1t2+ 1t4+ t+
r= - — c c
4 24 ! 2

where c1,co € R.

From the two given conditions

1
z*(0) =3 and 2*(1) = 2
we find that ¢ = —% and that ¢y = 3.
Then we have that
1 1 13

=gt (t) = 1152 - ﬁ154 -t



